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Abstract-In this note, the concept of Weyl-Heisenberg frames is generalized to some specific 
locally compact groups. An existence theorem based on certain subgroups is proved. 
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1. INTRODUCTION 
In general, a sequence {~i}ie~ in a Hilbert space H is called a frame if there exist constants 
A, B > 0 such that for all IC E H we have 
0.1) 
The concept of frames was first introduced by Duffin and Schaefer [l]. It can be checked that 
each f E H can be written as f = Cicr Cixi, but it is not required that the coefficients {ci}ieI 
are unique nor that the Xi are orthonormal. This means that we have a lot of freedom to impose 
additional requirements on the sequence {Xi}ieI. For example, in a function space, we may wish 
to generate the frame from a single function. On L2(rW), one way to do this is to work with 
so-called afine frames or wavelet frames which consist of the translated and dilated versions 
of a single function. Wavelet frames were first considered by Frazier and Jawerth [2] and by 
Daubechies, Grossmann and Meyer [3]. In general, a function g E L2(rW) generates a wavelet 
frame if for some appropriate values a, b E Iw the set 
W := { lal-n/2g (5 - mb) I m, n E Z} (1.2) 
provides a frame for L2(rW). The function g is called analyzing wavelet or fiducial vector. In [4], 
several conditions on g, a, and b are given which guarantee that g generates a wavelet frame. 
Another kind of frames obtained from one function are the Weyl-Heisenberg frames. A function 
g generates a Weyl-Heisenberg frame if for a, b E II8 the set 
w := {e2nimbz g(z-na) Im,nEZ} (1.3) 
is a frame for L2(rW). For details, the reader is again referred to [4]. 
The system {e2nimbz}meZ may be interpreted as an orthonormal system on a compact group 
obtained as the quotient space of a group G (which is Iw in this special case) by a discrete subgroup 
K (which is b_lZ here). This orthonormal system consists of the characters of G/K, i.e., of the 
set of all continuous homomorphisms of G/K into the multiplicative group of complex numbers 
of modulus 1. Moreover, the characters of G/K may be identified with the set of all characters 
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of G which are constant on the discrete subgroup K, see [5] for details. In the non-Abelian 
case, the natural generalization of the set of characters is the space of all irreducible unitary 
representations, see [6] for further information. 
Finally, the translation 
9(.) 4 9(. - na) (1.4) 
may be interpreted as the action of another discrete subset. It seems that this interpretation 
allows a generalization of Weyl-Heisenberg frames to locally compact groups possessing a discrete, 
normal subgroup such that the resulting quotient group is compact. This generalization is given 
in this note. 
The two frames in L’(R) mentioned above can be obtained by the disretization of square 
integrable representations of the affine and the Weyl-Heisenberg group in L2(R). In contrary to 
this concept, we are interested here in frames in the L2-space of a given group itself and not in 
a different Hilbert space in which the group has a square integrable representation. 
2. AN EXISTENCE THEOREM 
Let G be a locally compact topological group with right Haar measure dmc. The aim is to 
construct a frame for L2(G, dmc) which is generated from a single function 4 E L2(G,dmc). 
We have to assume that G possesses a discrete normal subgroup. Then G/K is well-defined. 
Let G denote the set of all equivalence classes X of matricial unitary irreducible representations 
U = (T&) of G h aving the property that 
U(k) = Id for all k E K, U E A. (2.1) 
It can be checked that, under the conditions of the theorem stated below, the set of all irreducible 
unitary representations of G that are equal to the identity on K may be identified with the set U 
of irreducible unitary representations of G/K. But since G/K is compact, all the elements in 2.4 
are necessarily finite-dimensional, and therefore, equivalent to some matricial representation, 
see [6, Sect,ion 31 for details. This means that the set of equivalence classes of irreducible unitary 
representations of G/K may be identified with G. If we choose a matricial representation for 
each element X in G, then it follows from the theorem of Peter and Weyl that the set 
c := { &i(&&(.) 1 1 I i,j I d(X), X E G} , (2.2) 
where d(X) denotes the dimension of the representation space, forms a complete orthonormal 
family in L2(G/K,d rnG,K), see once again [6, Section 31. Therefore, we define a generalized 
Weyl-Heisenberg frame for L2(G, dmG) by means of these unitary representations and the action 
of another discrete set H c G, i.e., we say that 4 generates a Weyl-Heisenberg frame if for some 
discrete set H c G the family 
W := { &i(&;Jg)$(g 0 h) 1 h E H, 1 I i,j 5 d(X), X E 6+}, (2.3) 
provides a frame for L2(G, dmc). 
It turns out that we have to assume that C#J is supported on a fundamental region F of K, i.e., 
on a set F that satisfies 
KoF=G, koFnF={}, k # e, (2.4) 
where e denotes the identity element in G and the set k o F is defined by 
koF={gEG/g=fok, fcF}. (2.5) 
Furthermore, we assume that F is the closure of the interior points of F. It can be checked that, 
in our setting, such a fundamental region exists. Since G/K is compact, F is compact. 
Generalized Weyl-Heisenberg Frames 81 
THEOREM 2.1. Let G be a locally compact, metrizable topological group and F as above. Sup- 
pose there exists a discrete, countable normal subgroup K such that the quotient group G/K is 
compact. Furthermore, suppose there exists a function C$ with supp$ c F and a countable set 
H c G such that 
0 < A I c 14(g 0 h)12 I 13 forallgEG. (2.6) 
hEH 
Then the function C#I generates a Weyl-Heisenberg frame for L2 (G, dmc). 
REMARK 2.1. As mentioned above, it follows from our topological assumptions that G/K is a 
well-defined, locally compact topological group, see [7] for details. Furthermore, it possesses a 
unique normalized invariant measure mG/K. Since the right-invariant measure on G is unique 
up to multiplication by constants, we will henceforth assume that it is normalized in such a way 
that 
mG(F) = 1. 
PROOF OF THEOREM 2.1. According to the definitions (1.1) and (2.2), we have to estimate the 
term 
B(f) := c c c 
hEH A& i,j=l,...,d(X) 
We obtain 
hEH A& i,j=l,...,d(X) 
Employing the fact that U is the identity on K and that C#I is compactly supported, we get 
where we have identified the periodic function under the integral with a function on G/K. As 
stated above, the set 
c = { d%+j’,,(.) 1 1 i i,j I d(X), X E “} 
forms a complete orthonormal family in L2(G/K, dmc,,). Therefore, using Parseval’s identity, 
we obtain 
B(f) = h&H s,,, /Ef(gok)4(gokoh) 2 dmG/K. 
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For each h E H, hwlF is a fundamental region for G/K and supp~$(. o h) c h_lF. Therefore, 
we can conclude that 
Employing condition (2.6) yields 
and 
B(f) 5 B G If( dmc = B Ilfll; J 
B(f) L A G If( dmc = A llfll~, J 
proving the theorem. I 
REMARK 2.2. A discrete subgroup that yields a compact quotient space is sometimes called a 
un$~m lattice. Such a uniform lattice often exists, see [8] for details. The restriction in our 
setting is that we have to assume that the lattice consists of a normal subgroup. One example is, 
of course, the set Z” in R”. But normal uniform lattices exist on other classical groups. There 
are examples for the quaternion group that yield quotient spaces that can be identified with 
TI @ SO(3) and 571 @ SU(2), respectively, see [9] for details. 
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